By means of free fermionic techniques we study the time evolution of the entanglement entropy, S(t), of a block of spins in the random transverse-field Ising chain after a sudden change of the parameters of the Hamiltonian. We consider global quenches, when the parameters are modified uniformly in space, as well as local quenches, when two disconnected blocks are suddenly joined together. For a non-critical final state, the dynamical entanglement entropy is found to approach a finite limiting value for both types of quenches. If the quench is performed to the critical state, the entropy grows for an infinite block as S(t) ∼ ln ln t. This type of ultraslow increase is explained through the strong disorder renormalization group method.
I. INTRODUCTION
Recently, we have witnessed increasing interest in studying the entanglement properties of quantum many body systems [1] [2] [3] in different disciplines: quantum information, condensed matter physics and quantum field theory. Among the various measures for quantifying entanglement, the von Neumann entropy and its generalizations to Rényi entropies, as well as the entanglement spectrum 4 have been widely used to obtain useful information about the topological and universal properties of an extended quantum system, in particular at a quantum critical point. For homogeneous, i.e. non-random, systems, many basic results are known in one dimension from conformal field theory, 5, 6 which have been confirmed by exact and numerical calculations on specific models.
7-11 For a quantum spin chain one generally considers the entanglement entropy, S ℓ , between a block of ℓ contiguous spins and its complement. For periodic chains, where the block has two boundary points connected with the remainder of the system, the entanglement entropy at the critical point for ℓ ≫ 1 scales as S ℓ = c 3 ln ℓ, where c is the central charge of the conformal field theory. Away from the critical point, the entropy saturates to a value S ℓ = c 3 ln ξ, where ξ ≪ ℓ (and ξ ≫ 1) is the correlation length of the system. Recently universal finite-size corrections to the Rényi entropy [12] [13] [14] [15] as well as the entropy of non single-connected blocks have also been studied. 16, 17 If the couplings in the chain are inhomogeneous, such as there is an internal defect 8, [18] [19] [20] [21] [22] [23] or the interactions are quasi-periodic or aperiodic, 24 then the prefactor of the critical entanglement entropy, the so called effective central charge, c eff , is generally different from that in the homogeneous system. For chains with random couplings, c eff has been calculated analytically [25] [26] [27] [28] by the strong disorder renormalization group (SDRG) method, 29 and numerically by free-fermionic techniques 30, 31 and by the density-matrix renormalization group (DMRG) method. 32 Also the entanglement spectrum of random XX chains has been studied, both by the SDRG method and numerically. 33 We note that the entanglement entropy can be studied even in higher dimensional random quantum systems by numerical implementation of the SDRG method, [34] [35] [36] provided the critical properties of the systems are controlled by infinite-disorder fixed points, 29, 37 as in one dimension.
The nonequilibrium quench dynamics of quantum systems has become a very active field of research, both experimentally and theoretically. 38 Dynamical aspects of the entanglement entropy are of interest for their close relationship to the speed of information propagation through an interacting quantum system. In these investigations one changes (some) parameters of the Hamiltonian suddenly, and asks how the entanglement evolves in time. 39 One generally distinguishes two types of quenches: global and local quenches. For a global quench the parameters are changed everywhere in space. In this case the entanglement entropy has a linear increase in time t, irrespective of the initial and the final state of the system. This type of dynamics has been explained in terms of quasiparticles (elementary excitations). 39 In the other type of quench, known as a local quench, the parameters of the Hamiltonian are changed only locally; for example, a block, which is disconnected from the rest of the system for t < 0, is instantaneously connected at time t = 0. For the local quench the entanglement entropy at the critical point is found to display a universal logarithmic increase, 40 S ℓ = 2c 3 ln t, t ≪ ℓ; this relation has been later derived through conformal invariance.
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Concerning dynamical entropy in inhomogeneous systems there have been only a few studies in specific situations. 20, 32, [43] [44] [45] For local quench the effect of defects has been studied. The defects can be, for example, in the form of couplings between a block, where the entanglement entropy is studied, and the rest of system; for this case, the prefactor of the logarithmic t-dependence of the entanglement entropy is found to be the same as measured in the static case. 20 On the other hand, quenched disorder changes the entanglement dynamics in a more drastic way. Previously, the entanglement en-tropy dynamics of the disordered Heisenberg chain following a global quench was numerically studied, 32 where a slow increase of the entropy with time was observed; the numerical data in the time regime (t 500) obtained by time dependent DMRG suggested that the entropy grows logarithmically with time. The slow propagation of signals in disordered system has been later supported by theoretical work, 43 in which, by means of the generalized Lieb-Robinson bound, 44 a bound for time evolution of the entanglement entropy is derived in the form: S ℓ (t) ≤ c 1 + c 2 log(ℓ|t|), with c 1 and c 2 being constants.
In this paper we revisit the problem of the entanglement entropy dynamics in disordered quantum spin chains. The model we consider is the random transversefield Ising chain. Our study extends previous investigations on entanglement dynamics in disordered systems in several respects: (i) we study the entanglement dynamics both at the critical point and in the off-critical phases, using numerically exact free-fermionic techniques; (ii) we consider both global and local quenches; (iii) we study the time evolution for a very long period of time and obtain the long-time asymptotics for finite systems; (iv) furthermore, we explain the numerical findings based on SDRG.
The structure of the rest of the paper is as follows. In section II we introduce the model, describe its basic equilibrium properties and outline the method of calculation. Results of the entanglement entropy dynamics after global and local quenches are presented in sections III and IV, respectively. The results are discussed in section V.
II. THE MODEL
The model we consider is the quantum Ising chain of length L defined by the Hamiltonian:
in terms of the Pauli matrices σ x,z i at site i. In this paper we will take periodic boundary conditions so that σ L+1 = σ 1 . The homogeneous model with the couplings J i = 1 and the transverse fields h i =h is in the disordered (ordered) phase forh > 1 (h < 1), and the quantum critical point is located ath = 1. 46 The critical point of the model is described by a conformal field theory with a central charge c = 1/2. In the random model with quenched disorder, the J i and the h i are position dependent, and are independent random numbers taken from uniform distributions in the intervals [0, 1] and [0, 1]h, respectively. The random model is in the disordered (ordered) phase for h > 1 (h < 1) and the random quantum critical point is at h = 1. The equilibrium critical properties of the random chain has been studied by the SDRG method, 47 and the random quantum critical point is found to be controlled by an infinite-disorder fixed point, at which the scaling is extremely anisotropic, so that the typical length, ξ, and the typical time, τ , is related as
with an exponent ψ = 1/2. In this work we study the entanglement entropy of a block of contiguous spins sitting on sites 1, 2, · · · , ℓ in the chain; the entanglement entropy is defined as S ℓ = Tr ℓ [ρ ℓ ln ρ ℓ ] in terms of the reduced density matrix: ρ ℓ = Tr i>ℓ |0 0|, where |0 denotes the ground state of the complete system with L sites. In the calculation we make use of the fact that the Hamiltonian in Eq.(1) can be expressed in terms of free fermions, 46, 48 and the density matrix of the corresponding free fermionic system is then obtained from its correlation matrix. 7, 8, 11 This calculation for a system in equilibrium is straightforward. In the nonequilibrium case with quench dynamics one has two Hamiltonians, say H 0 for t < 0 and H for t > 0, both in the form of Eq. (1) but with different parameters. The time-evolution of the density matrix is governed by H, as ρ(t) = exp(−ıHt)ρ exp(ıHt), but its matrix elements are calculated through the eigenstates of the initial Hamiltonian H 0 . Details of the calculation of the dynamical entropy can be found in Ref. 20 .
In the following, we first present results for global quenches and then for local quenches. In each case, we will first briefly discuss the homogeneous model to compare with our main results for the random chain, which will be given subsequently.
III. GLOBAL QUENCH
In a global quench the parameters of the Hamiltonian are modified everywhere in space. Concerning the Hamiltonian in Eq. (1), we modify the transverse fields, but leave the couplings unaltered in the quench procedure.
A. Homogeneous chain
In the homogeneous chain the transverse fields are changed fromh 0 toh and we measure S ℓ (t) in a chain of total length L = 256 for various sizes of the block ℓ. Different combinations ofh 0 andh are considered, including quenches from an ordered state to another ordered state In each combination ofh 0 andh the dynamical entropy has a similar behavior. After a linearly increasing period, S = α(h 0 ,h)t, the entropy saturates to a value S = β(h 0 ,h)ℓ, and decreases subsequently. This time dependence of S(t) repeats quasi-periodically, which is different from the case in the thermodynamic limit L → ∞, where the entropy remains constant after it saturates. We recall that the exact values of α(h 0 ,h) and β(h 0 ,h) for L → ∞ and for a large ℓ have been calculated; 49 for the special case, when the quench is performed to the critical state withh = 1, the coefficient α(h 0 ,h = 1) can be calculated in a closed form. 50 Following a semiclassical approach in terms of ballistically moving quasiparticles formulated in Ref. 51 , we are able to calculate the dynamical entropy for the finite chain. The quasiparticles are Fourier transforms of kink states, created as a pair of entangled free fermions with quasimomenta ±p. 39, 51 With energy ǫ p , a ballistically moving quasiparticle has the semiclassical velocity v p = ∂ǫp ∂p . These quasiparticles are created homogeneously in space at t = 0 with an occupation probability f p . If a pair of entangled particles arrive simultaneously in the block and outside the block, they will contribute s p = −(1 − f p ) ln(1 − f p ) − f p ln f p to the entanglement entropy. Summing up the contributions from all quasiparticles (i.e. over positions and quasimomenta) we obtain the dynamical entropy as shown in Fig. 1 by the grey curves. As can be seen, the results obtained from this semiclassical approach fit our numerically exact data perfectly, even for a large range of t.
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B. Random chains
Now we turn to the disordered chain with random couplings and random fields. In our quench procedure, the set of couplings {J i } for a given sample remains unaltered, whereas the width of the transverse-field distribution is changed from h 0 (t < 0) to h (t ≥ 0). We consider quenches in the off-critical phases as well as quenches to the critical point. In most of our calculations the widths h 0 and h are different; we keep the local transverse field on each site correlated before and after the quench, but change the relative magnitude by quench from a fully disordered initial state with 1/h0 → 0 to a disordered state with 1/h = 0.6, 0.8 and 0.9. System sizes ranging from L = 32 to L = 192 are considered; the bigger the system, the higher the value of the entropy at large t.
We also consider the case where the quench is performed at the critical point, i.e. h 0 = h = 1; for this case we use two independent sets of random variables for the transverse fields before and after the quench.
We have calculated the disorder-averaged entanglement entropy between two blocks of length ℓ = L/2 in a chain for different system sizes up to L = 256. We have used at least 10,000 disordered realizations to obtain the disorder average.
The time-dependence of the average entanglement entropy for quenches to a non-critical state and for quenches to the critical point is qualitatively different. Below we present results for these two cases separately.
Quench to non-critical states
We performed quenches from a fully ordered initial state h 0 → 0 to ordered states with 0 < h < 1 and quenches from a fully disordered initial state h 0 → ∞ to disordered states with finite h > 1. Results for the disorder-averaged entanglement entropy as a function of time for quenches in the ordered phase with parameters h = 0.6, h = 0.8 and h = 0.9 are shown in Fig.2(a) . Results for quenches in the disordered phase with parameters 1/h = 0.6, 1/h = 0.8 and 1/h = 0.9 are shown in Fig.2(b) . In both cases the time variation is extremely slow, therefore we have used double-logarithmic time scales in the figures.
As seen in the figures, the entanglement entropy for different system sizes L saturates to a valueŜ L (h 0 , h) at large t. Furthermore, this saturation value converges to a L-independent value for large L, i.e. lim L→∞ŜL (h 0 , h) = S(h 0 , h). This asymptotic value for L → ∞ and t → ∞ is larger if the final state is closer to critical point h = 1, as shown in Fig. 3 . Furthermore, we have obtained an exponential relation for the finite-size correction term, given 
For this study we have used several initial states in the ordered and disordered phases, and the same scaling form for ξ(h) has been found.
Quench to the critical point
Results for the time dependence of the average entanglement entropy after global quenches from a fully ordered state (h 0 → 0) and a fully disordered state (1/h 0 → 0) to the critical state are shown in Fig. 4 .
The entanglement entropy for the quench to the critical point increases with time up to τ (L), after which it sat- urates to a value. The asymptotic values of the entropy for t > τ (L) increase monotonously with L. Analyzing the numerical data in Fig. 5 we obtain a logarithmic Ldependence:Ŝ
where the prefactor of the logarithm is found to be independent of the initial state: b ≈ 0.173 ≈ ln 2/4; This is different than the prefactor for the equilibrium entanglement entropy: c eff /3 = ln 2/6.
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For t < τ (L), we have found a double-logarithmic growth of the entropy in time given by
with a ≈ 0.25, which is also independent of the initial state. This ultraslow growth of the entropy in time reflects the nature of an infinite-disorder fixed point which is characterized by the activated dynamics ln τ ∼ L ψne . Combining Eq. (3) and Eq. (4), we obtain the exponent ψ ne = b/a = 0.69(3), which is larger than the exact value, ψ = 1/2, known for the equilibrium case.
We have repeated the calculation for the case when the initial state is also critical with h 0 = 1. A doublelogarithmic growth of S(t) in time and the same exponent ψ ne were obtained.
IV. LOCAL QUENCH
In the local quench process, we consider the entanglement entropy of a block corresponding to one half of the chain with ℓ = L/2, which is disconnected from the rest of the chain, with J L = J L/2 = 0, for t < 0, and is joined up at t = 0 with J L = J L/2 = 0; the transverse field remains unchanged after the quench. We study the time evolution of the entanglement entropy for t > 0.
A. Homogeneous chain
For the homogeneous chain of length L the couplings joining the block to the rest of the system for t > 0 are J L = J L/2 = 1. We have calculated the entropy dynamics after a local quench for different values of the transverse field, including the critical value and the values for ordered as well as disordered phases; the results for L = 256 are presented in Fig. 6 .
At the critical point,h = 1, the entanglement entropy oscillates with a period t = L/2, and this periodic function can be well described as
which was first found in Ref. 20 , and has been derived recently through conformal invariance.
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If the quench is performed outside the critical point the dynamical entropy grows only up to a finite limiting value, as shown in Fig. 6 , both in the ordered phase (upper panel) and in the disordered phase (lower panel). The amplitudes of oscillations of S(t) are reduced for large-L and for large t, and the limiting saturation value is of the order of 2 c 3 ln ξ hom , with the correlation length, ξ hom ≃ |1 −h| −1 , close to the critical point.
B. Random chains
For a random chain, the couplings are independent random variables taken from the uniform distribution in the interval [0, 1]. The two couplings J L and J L/2 are removed for t < 0, and are instantaneously joined to the chain at t = 0. For the transverse fields we use the distribution described in Sec. II.
Quench outside the critical point
We first discuss the time evolution of the disorderaveraged entropy in the non-critical phases. The results for two examples in the ordered phase are presented in Fig. 7 (a) and 7 (b) , and for quenches in the disordered phase are in Fig. 7 (c) and 7 (d). Due to extremely slow time evolution, the data for different system sizes L are plotted against ln ln t.
In the long-time regime, the entropy approaches an Ldependent saturation valueŜ L (h), which converges for large sizes: lim L→∞ŜL (h) =Ŝ(h). As shown in Fig. 7(e) , the valueŜ(h) increases monotonously as the critical point is approached; furthermore, this asymptotic value at each h is smaller than the asymptotic value of the entropy after a global quench to an off-critical phase.
Quench at the critical point
The dynamical entropy after a local quench at the critical point is shown in Fig. 8 for different lengths of the chain. The overall characteristics of the entropy in this figure is similar to that in Fig. 4 obtained after a global quench.
For a fixed length L, there is a characteristic time τ (L), after which the average entropy is saturated tô S L (1). These saturation values follow a logarithmic L- The data points with filled black circles are the asymptotic results for large L and large t in the disordered phase. The data in gray are results for global quenches in the disordered phase (also shown in Fig. 3) , given for comparison.
dependence:Ŝ L (1) = s 1 + b 1 ln L, for large sizes [see the inset in Fig. 8 ]. Here the prefactor of the logarithm is estimated as b 1 ≈ 0.139 ≈ ln 2/5, which is smaller than the prefactor for a global quench to the criticality: b ≈ ln 2/4, and is slightly larger than the prefactor of the equilibrium entropy: c eff /3 = ln 2/6.
For t < τ (L), the average entropy has a doublelogarithmic time-dependence: S(t) = s 1 + a 1 ln ln t with a prefactor a ≈ 0.16 (2) . Based on the argument for the global quench in sec. III B 2, we obtain ln τ (L) ∼ L 
V. DISCUSSION
We have studied the time-evolution of the entanglement entropy in the random transverse-field Ising chain after a global and a local quench. The obtained results are strikingly different from that calculated for the homogeneous version of the system. The slow dynamics of entanglement in a disordered quantum chain was observed in a previous numerical study, 32 and has been supported by theoretical work. 43 Our present numerical study provides clear evidence showing that this dynamics at the critical point is ultraslow and in a double-logarithmic form. To explain the difference observed in the time evolution of the entanglement entropy in homogeneous and in random chains, we apply the semiclassical quasiparticle picture 39 to both cases. In the homogeneous case 51 , the quasiparticles are related to kinks in the form of domain walls between differently aligned spin configurations, which are created as entangled fermion pairs with quasimomenta ±p moving ballistically in the opposite directions. These entangled quasiparticles will contribute to the entanglement entropy between two regions if one particle arrives in one of the regions and the other reaches simultaneously the other region. From the occupation probability of the modes with p, one can calculate the entanglement entropy, as discussed in sec. III A, and can understand the characteristics of the time evolution of the entanglement entropy.
The properties of the quasiparticles and the dynamics of the entanglement entropy in the random transversefield Ising chain can be understood from the asymptotically exact SDRG. As known from the SDRG, the scaling properties of the random chain are described by an infinite-disorder fixed point, at which disorder fluctuations are completely dominant while quantum fluctuations are negligible. 29, 47 The ground state of the random chain consists of a set of non-overlapping effective spin clusters, each of which has a characteristic energy scale ∆ cl , given by the excitation energy of the cluster. The size of a cluster, ℓ cl , is finite in a non-critical phase, its typical value defines the correlation length ξ. (In the ordered phase, there is a giant cluster which is embedded in finite clusters). At the critical point, where ξ is divergent, for the largest clusters we have asymptotically:
[cf. Eq. (2)]. The energy-length scaling described above is also related to Sinai-diffusion in stochastic processes, 52-54 which explains ultraslow dynamics in one-dimensional disordered environments.
The spins in a cluster defined in SDRG are maximally entangled. Each cluster contributes to the entanglement entropy between a block and the rest of the system by an amount of s cl = ln 2 as long as it crosses the boundary of the block. In equilibrium, the disorder-averaged entanglement entropy at the critical point, where the correlation length is divergent, is obtained by summing up contributions of all clusters in the ground state, S ℓ = ℓ cl <ℓ s cl , yielding S ℓ = ln 2 6 ln ℓ for a block of length ℓ.
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In the nonequilibrium case, the cluster formations in the SDRG picture are time-dependent. The time span that quantum correlations between different spins to be built up is the time for the formation of the cluster containing these spins, and is given by t cl ∼ ∆ −1
cl . The time span t cl also corresponds to the time in which a signal emitted at one end of the cluster arrives at the other end of the cluster via a Sinai diffusion. The time-dependent entanglement entropy S ℓ (t) at the critical point can be obtained by summing over contribution of all entangled clusters up to time t: S ℓ (t) = t cl <t s cl ∼ ln ξ(t) ∼ ln ln t, where ξ(t) is a nonequilibrium length-scale, given by ξ(t) ∼ ln(t) 1/ψne . In the long-time limit when the cluster of size ℓ cl ℓ are already formed, the entanglement entropy saturates to a value that is proportional to ln ℓ. The explanation through the SDRG description holds both for global and local quenches. The main difference between global and local quenches is the excess energy is finite in a local quench, while it is extensive in a global quench. When the excess energy is extensive, high energy excitations also contribute to the dynamics of entangelement entropy and may be responsible for the nonuniversal short-time behavior; this is similar to the situation in nonrandom gapless systems after a global quench: conformal field theory describes the linear growth of the entropy, although excited states strongly influence the nonequilibrium dynamics.
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The ultraslow behavior of the dynamical entanglement entropy observed in the random transverse-field Ising chain should be generic for random quantum systems whose critical point is governed by an infinite-disorder fixed point; this includes the random XY -chain (which has, in fact, an exact mapping with the Ising chain), 11 the random XXZ-chain, 55 and the random quantum Potts chain. 56 Besides, the quantum criticality of the random transverse-field Ising model even in higher dimensions is also controlled by an infinite-disorder fixed point. [57] [58] [59] [60] [61] [62] It has been found that at this critical point in higher dimensions there is a singular contribution to the entanglement entropy of the form ∆S ℓ ∼ log ℓ for a block in a hypercube form of linear size ℓ; 36 this singularity is shown to be related to the presence of corners. In the dynamical process this corner contribution is expected to increase in a double-logarithmic fashion.
Note added : After submitting this paper we noticed the preprint by Levine et al 63 , in which the timedependence of the full counting statistics in a disordered fermion system is studied, which is closely related to the local quench problem discussed in this work.
